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In this paper we study a posteriori error estimates of fully discrete finite element method for parabolic delay differential equations (PDDEs). As an example, we consider the numerical methods for the generalized diffusion equation with delay$$\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla $$\end{document}$"  denotes the spatial gradient and the coefficient matrices *A* and *B* are assumed to be smooth.

The equation of the form ([1.1](#Equ1){ref-type=""}), to the best of our knowledge, is one of the two typical examples of PDDEs (see, for example, \[[@CR21], [@CR39]\]). Equations of this type arise in several applications such as control theory, population dynamics, heat conduction in materials with thermal memory, biosciences, and so on (see \[[@CR2], [@CR15], [@CR28], [@CR39], [@CR49]\], and references therein). Especially, delay systems have recently been used to model the outbreak of Corona Virus Disease 2019 ( COVID-19) in the world \[[@CR10], [@CR50]\].

For the numerical solutions of ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}), the stability of predictor--corrector methods was first investigated in \[[@CR21]\]. Later on, several researchers have discussed the stability and a priori error analysis of numerical methods for ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}) with a constant delay, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta $$\end{document}$-methods together with finite difference methods for constant delay reaction--diffusion equations. Using finite element methods for spatial discretization, Liang in \[[@CR33]\] investigated the convergence and asymptotic stability of backward Euler and Crank--Nicolson schemes for ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}) with a constant delay. It should be pointed out that applying the process of semi-discretization with respect to the spatial variable *x* to ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}) will leads to delay differential equations (DDEs), and stability and convergence of numerical methods for DDEs have been investigated by many researchers; see, e.g., \[[@CR6], [@CR12], [@CR16], [@CR17], [@CR22]--[@CR27], [@CR30], [@CR31], [@CR34], [@CR36], [@CR43]--[@CR46], [@CR51], [@CR52]\]. For recent monographs relevant to the numerical solutions of DDEs, we refer the readers to \[[@CR5], [@CR9], [@CR29], [@CR32]\].
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                \begin{document}$$\mathcal B=0$$\end{document}$), much work has been conducted on a posteriori error estimates for linear parabolic problems on isotropic meshes (see, e.g., \[[@CR4], [@CR42]\]) or anisotropic meshes (see, e.g., \[[@CR35], [@CR38]\]) during the last decades. In particular, several researchers have investigated a posteriori error analysis for the Crank--Nicolson method for parabolic problems in recent years; see, e.g., \[[@CR1], [@CR4], [@CR35], [@CR37], [@CR38], [@CR42]\]. It is natural to ask whether the a posteriori error analysis for the parabolic problem can be carried over to PDDEs which may be thought of as a perturbation of the parabolic problem. Such an extension is particularly important not only because the solution to PDDEs has some weak discontinuity points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=0,1,\ldots $$\end{document}$, but also because a posteriori error analysis has received little attention in the literature. Due to the low regularity property of the solution and the presence of the delay term in ([1.1](#Equ1){ref-type=""}), the extension of those ideas from the simple heat equation to the linear PDDEs is of increased difficulty. To obtain a posteriori error estimators for the CNFE method for linear PDDEs, in this paper, we introduce new quadratic reconstructions based on interpolation approximations.

The paper is organized as follows. We start in Sect. [2](#Sec2){ref-type="sec"} by introducing some definitions and notations relative to the problem, and by presenting the time and space discretization of the problem. In this section, the stability of generalized diffusion equations with delay is also discussed. Section [3](#Sec6){ref-type="sec"} is devoted to quadratic reconstructions for CNFE method for this class of equations. The a posteriori error estimates for the two reconstructions are presented in Sect [4](#Sec9){ref-type="sec"}. Especially, the long-time a posteriori error bounds are derived for CNFE method for stable systems in this section. A numerical study is carried out for several test cases in Sect. [5](#Sec12){ref-type="sec"}. Section [6](#Sec15){ref-type="sec"} contains a few concluding remarks.

CNFE for Generalized Diffusion Equations with Delay {#Sec2}
===================================================

In this section we consider the CNFE approximation of generalized diffusion equations with delay ([1.1](#Equ1){ref-type=""})--([1.3](#Equ3){ref-type=""}). The continuous time approximation will be obtained by linear interpolation.

Functional Setting and Abstract Formulation {#Sec3}
-------------------------------------------

We first include some preliminaries on the functional setting and some basic results to be used in our analysis.
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Stability of Generalized Diffusion Equations with Delay {#Sec4}
-------------------------------------------------------

Since we will derive long-time a posteriori error estimates for CNFE method for stable generalized diffusion equations with delay, in this subsection we discuss shortly the stability of this class of equations. For this purpose, we assume that the function $\documentclass[12pt]{minimal}
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Now we are in position to give the stability result.

### Theorem 2.1 {#FPar1}

(Stability) Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in L^2(0,T;H^{-1}(\Omega ))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in L^2(t_{*},0;H^1_0(\Omega ))$$\end{document}$, and the bilinear forms $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(\cdot ,\cdot )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b(\cdot ,\cdot )$$\end{document}$ satisfy ([2.3](#Equ6){ref-type=""}) and ([2.4](#Equ7){ref-type=""}), respectively. Then under the condition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha ^2>\gamma ^2\bar{\eta }, \end{aligned}$$\end{document}$$the solution *u*(*t*) to ([2.1](#Equ4){ref-type=""})--([2.2](#Equ5){ref-type=""}) satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\Vert u(T)\Vert ^2+\alpha \int ^T_{\eta (T)}\Vert \nabla u(t)\Vert ^2dt\nonumber \\&\qquad \le \Vert u(0)\Vert ^2+\frac{\alpha }{\bar{\eta }}\int ^0_{t_{*}}\Vert \nabla \phi (t)\Vert ^2dt+\frac{1}{C_\alpha }\int ^T_0\Vert f\Vert _{-1}^2dt, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\alpha =\frac{\alpha ^2-\gamma ^2\bar{\eta }}{\alpha }$$\end{document}$.

### Proof {#FPar2}
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We note that for constant delay equation, i.e., $\documentclass[12pt]{minimal}
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CNFE Method for Generalized Diffusion Equations with Delay {#Sec5}
----------------------------------------------------------
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### Proposition 2.2 {#FPar3}
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Quadratic Reconstructions for Generalized Diffusion Equations with Delay {#Sec6}
========================================================================

Now we shall introduce quadratic time reconstructions, which are appropriate for Eq. ([2.1](#Equ4){ref-type=""}) corresponding method ([2.14](#Equ17){ref-type=""}), and continuous time approximation ([2.15](#Equ18){ref-type=""}).

Crank--Nicolson Delay-Dependent Reconstruction {#Sec7}
----------------------------------------------
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Multi-point Delay-Independent Reconstruction {#Sec8}
--------------------------------------------
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### Remark 3.1 {#FPar4}

Considering the delay property of the problem, it is natural to use the multi-point reconstruction. For $\documentclass[12pt]{minimal}
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A Posteriori Error Estimates {#Sec9}
============================
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Long-Time Error Estimates for Stable Systems {#Sec10}
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Now we state the following long-time a posteriori error estimates.

### Theorem 4.2 {#FPar7}
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### Proof {#FPar8}
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### Remark 4.2 {#FPar10}

Under the condition ([2.6](#Equ9){ref-type=""}), the constant *C* in Theorem [4.2](#FPar7){ref-type="sec"} is independent of the final time *T*, and therefore the a posteriori error estimators can serve as long-time a posteriori error estimators. To the best of our knowledge, this is the first result on long-time a posteriori error estimates for numerical methods for DDEs and PDDEs. For more general case, we have the following estimates where the constant *C* will depend on the final time *T*.

A Posteriori Error Estimates on Finite Time Interval {#Sec11}
----------------------------------------------------

If the condition ([2.6](#Equ9){ref-type=""}) doesn't hold, then we have the following a posteriori error estimates for CNFE scheme on a finite time interval.

### Theorem 4.3 {#FPar11}
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### Proof {#FPar12}
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We now turn to establish the lower bound. It follows from ([4.25](#Equ50){ref-type=""}) that$$\documentclass[12pt]{minimal}
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### Remark 4.3 {#FPar13}

In view of ([4.31](#Equ56){ref-type=""}) and ([4.32](#Equ57){ref-type=""}), $\documentclass[12pt]{minimal}
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### Theorem 4.4 {#FPar14}
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### Proof {#FPar15}

We use the Young's inequality and Proposition [2.2](#FPar3){ref-type="sec"} to obtain the following inequality similar to ([4.28](#Equ53){ref-type=""}),$$\documentclass[12pt]{minimal}
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As for the lower bound, similar to the case of the delay-dependent reconstruction, we have$$\documentclass[12pt]{minimal}
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### Remark 4.4 {#FPar16}

We first make an analogous observation to *Remark 4.3*, that is, $\documentclass[12pt]{minimal}
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### Remark 4.5 {#FPar17}

As already mentioned in *Remark 3.1*, in this paper we also consider the reconstruction $\documentclass[12pt]{minimal}
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Numerical Examples {#Sec12}
==================

We now illustrate the theoretical results on the error estimators for which the error comes either from the time discretization, or from the space discretization, or from both of them. Let us consider applying the CNFE method ([2.14](#Equ17){ref-type=""}) to the following generalized diffusion equation with a delay term$$\documentclass[12pt]{minimal}
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Since it is natural to use the multi-point reconstruction of the numerical solution to DDEs for a posteriori error estimates, in the following numerical examples we will mainly consider the multi-point reconstruction ([3.5](#Equ23){ref-type=""}). In our implementation, we use the uniform time partition and uniform space partition with constant stepsize *k* and *h*, respectively. Moreover, all the integral between $\documentclass[12pt]{minimal}
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Let us define the space error estimator $\documentclass[12pt]{minimal}
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Example 2: Nonlinear Delay {#Sec14}
--------------------------

In this case, we consider nonlinear delay $\documentclass[12pt]{minimal}
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Fig. 2Log--log plot of the errors of CNFE method ([2.14](#Equ17){ref-type=""}) for ([5.1](#Equ79){ref-type=""}) with $\documentclass[12pt]{minimal}
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Concluding Remarks {#Sec15}
==================

Seeing that DDEs and PDDEs and their variants play a pivotal role in the modeling of several physical and biological phenomena, and that the solution to this class of equations is generally not sufficiently smooth and has breaking points, a posteriori error estimates are extremely important for numerically solving them. In this work we presented the a posteriori error analysis for the CNFE method ([2.14](#Equ17){ref-type=""}) for generalized diffusion equation with delay. We first obtained the sufficient condition for the stability of this class of equations. Based on this stability condition, we proved long-time a posteriori error estimates for stable PDDEs for the first time, after we introduced two different continuous and piecewise quadratic reconstructions to estimate the time discretization error. By means of these reconstructions, we further derived a posteriori upper and lower error bounds for the CNFE method ([2.14](#Equ17){ref-type=""}) on a finite time interval for general systems. These lower bounds are optimal in a certain sense. Although many researchers have investigated the stability and a priori error estimates of some numerical methods for PDDEs and their variant, it is the first time to explore a posteriori error analysis for fully discrete numerical methods for such types of equations. It is worth emphasizing that the techniques exploited in this paper can be easily extended to other types of linear PDDEs, even PDDEs with several delays.

It is noteworthy that these error bounds depend only upon the discretization parameters and the data of problems, and thus they are computable. We carried out various numerical experiments for the CNFE method ([2.14](#Equ17){ref-type=""}) for generalized diffusion equation with different delays, e.g., linear proportional delay $\documentclass[12pt]{minimal}
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